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WEIGHTED NORM INEQUALITIES FOR
GENERAL OPERATORS ON MONOTONE FUNCTIONS

SHANZHONG LAI

Abstract. In this paper we characterize the weights w , v for which | \S,pf\ |

< C\ 171 U, v , for / nonincreasing, where S^f = /0°° cj>{x, y)f(y) dy .

1. Introduction

In this paper we will study weighted norm inequalities of general operators

of the form

¡•OO

(1.1) VW= /   4>(x,y)f(y)dy
Jo

on monotone functions / : R+ —> E+ . Operators of this type dominate many

classical operators T in the sense that (Tf)*(t) < CS$f*(t), where g*(t) =

inf{y; \{x; \g(x)\ > y}\ < t}, the rearrangement of g. We refer the reader
to [2, 5] for examples, as the Hardy-Littlewood maximal operator, the Hubert

transform, etc.

It is thus of interest to characterize the weights w : E+ —> R+ for which

(1.2) IIVllp.«^C||/||pflB,

as this gives extensions of the classical norm inequalities. This is the reason

why the study of (1.2) has recently attracted a great deal of attention [3, 4,

6-9], beginning with [1] Ariño and Muckenhoupt for the averaging operator

Af(x) = j¿ fo f to the more general version of [3] for operators of the type

S<j>f(x) = /0 <p(t)f(tx)dt. All of these operators are special cases of (1.1). In

this paper we use extensions and refinements of the method introduced in [6]

for Af to characterize those w : E+ -* K+ for which (1.2) holds for monotone

functions. This will be done §2-§6. The final section deals with applications

and a discussion of the sharp norm constant in (1.2) for various choices of
(j> : R+ x R+ -> R+ and w : E+ -> R+ .

Throughout we shall use the notation / J, (/ Î) to indicate that /" : R+ -»

K+ is nonincreasing (nondecreasing). When proving inequalities for monotone

functions, we may as usual restrict ourselves to homeomorphisms since a general

monotone function can be approximated by homeomorphisms.
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2. Operator S^

In this section we study p , g-norm inequalities with double weights for

roc

VW= /   4>(x,y)f(y)dy.
Jo

Define
rr roo

®(x,r)= I  <j)(x,y)dy,    <S>x(x, r) =       4>(x,y)dy,

where r> : R+ x E+ —► E+ . We have

Theorem 2.1. If\<q<p<oo, then

(2.1)

holds for all f i iff

Up
fpw)     <C

roo "I 1/9

/    (S+f)«v
Jo J

ar     \UP r   roo
w\      <C <&(x,r)qv

1/9

Vr>0.

Moreover (2.1) and (2.2) /zave° same constant C

Theorem 2.2. If 0 < q < p < 1, /Aé?h

li/p

/o

/■oo ] 1/p /    roo \

J    (Stf)Pw\     <c(J    fqvj
1/4

(2.3)

holds for all f I iff

[rOO "I 1/P /    ri      \   1/9

/    <D(x, r)p w        <Cl       v)      , Vr > 0.
ii/p 1/9

Moreover (2.3) a«c7 (2.4) Aave same constant C.

Theorem 2.3. Ifl<q<p<oo, then (2.1) holds for all f X iff

1/9

(2.5) a \ Up
w]      <C

/•OO

/    ®i(x,r)qv
Jo

Vr>0.

Moreover (2.1) and (2.5) have same constant C.

Theorem 2.4. If 0 < q < p < 1, then (2.3) holds for all f t (¿f

1/P /   /-oo     \ 1/9(/•OO \  i/P /   poo     \  )

Vr >0.

Moreover (2.3) a«r7 (2.6) «ave same constant C.

To prove Theorems 2.1-2.4, we need the following lemmas.
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Lemma 2.5. Suppose g, A : E+ -► E+ , h is AC, and h' > 0, h(0+) = 0, then
(i) For q > 1,

(2.7)

iff

(2.8)

fg<Coh(r)q,        Vr>0
Jo

oo 19/•OO yoo

/    /^<Q   /    ftí
Jo Jo

v/i.

(ii) For 0 < tf < 1,

S>C0A(r)',        Vr>0

#

/'Jo

/•oo r   /-oo

/    fqg>Co   /    /A'
Jo Uo

v/|.

Lemma 2.6. Suppose h is AC, and h' < 0, A(oo  ) = 0, then
(i) Tw û > 1,

/
g < Coh(r)q ,       Vr > 0

iff
/•OO /»OO y

/   fqg<Co -      fh'    ,      V/î.

(ii) For 0 < <? < 1

/OO

S > C0h(r)q ,        Vr > 0

#
/•oo r /«oo

v/î.

Proof of Lemma 2.5. Suppose # > 1 .

(2.8) - (2.7) Let f = X(o,r).
(2.7) -> (2.8) Let r = y/(y) [, y/(Q) = oo, i/(oo) = 0, then

1/9oo        ry/(y)

Jo    \Jo
g(t)dt

/»OO

dy<Collq       h(V(y))dy
Jo
/»OO

= -C0l,q       h(t)dy/-x(t)
Jo

roo

= C01/q       y/-x(t)h'(t)dt,
Jo

/•oo r   />oo

LHS = /o    i/o   X^{t)g{t)dt

~\Jo    Uo   X{0My))^î)dy
■   roo "i 1/9

=    /    W-\t)qg(t)dt      .
.Jo

Ui
dy

9 -, 1/4

g(t) dt >        by Minkowski's inequality
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Now let y/~l{t) = f(t) to complete the proof for (i).  The proof for (ii) is

similar.   D

The proof of Lemma 2.6 is similar to that of Lemma 2.5. In fact we can

show that Lemma 2.5 and Lemma 2.6 are equivalent. For convenience we state

the following particular case of Lemma 2.5, which can be derived by taking

g(x) = xp~x, h(r) = r, C0=l/p.

Lemma 2.7. (i) For 0 < p < 1, we have

(/■CO      \P roo

J    fj   <Pjo   fp(x)xp-xdx, V/I.

(ii) For p > 1, we have

aOO      \ P roo
f)   >Pjo   fp(x)xp-xdx,        V/|.

Proof of Theorem 2.1. (2.1) -» (2.2) Let f = X(o,r)-
(2.2) -+ (2.1) Let r = y/(y) [ , where y/ : (0, oo) -> (0, oo) is onto, then

roo  (   ry/{y) \qlp

L= /      w(x)dx\     yqlp-xdy

/•CO       /«OO

CM     /    <&(x, <p(y))qv(x)dxyq'p-xdy
Jo   Jo

/•CO      /»OO

/0

= CqR,

where

/•oo      roo

R= /    <p(x, \i/(y))«y<>lp-xdyv(x)dx
Jo   Jo

roo

= /    I(x)v(x)dx.
Jo/o

Fix x > 0, let t = y/(y) in 7(x), then

Now take

/•OO

I{x) = - f    <ï>(x,t)qy/-x(t)q/p-xdy/-x(t)
Jo

= -•«? /   y/-x(t)qip<&(x,t)q-x<j>(x,t)dt.
Q      Jo

g(t) = ®(x,t)q-x(l>(x,t),     h(t) = *(JC,/),

/(0 = <^-1(01/p,   Q = ^

in Lemma 2.5(i). We get

7W<^[/OOV/-1(01/i'^,0^1'-
0 L7o
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Now by Lemma 2.7(i), since q < p,

815

L>
roo      rl//(y)

/     /       w(x)dxdy
Jo   Jo

qIp

Q Uo
x(x)w(x)dx

qIp

Finally by taking y/  x (x) = f(x)p , we complete the proof with the same con-
stant C.   D

Proof of Theorem 2.2. (2.3) -> (2.4) Let f = X(0,r)-
(2.4) -» (2.3) Let r = ip(y) { , then

/»OO       /«OO/»OO        /»C

= /     /    <D(x, y/(y))pw(x)dxyplq-xdy
Jo   Jo

roo  (   My) \p/q

<C" /      v(x)dx\     yplq-xdy

<CP
roo      rl)/(y)roo      rl//(y¡

/     /      v(x)dxdy
Jo   Jo

a r r°° ~\Piq
= Cp-\       y/~x(x)v(x)dx

/»OO       /-CO

= /     /    <D(x, ip(y))pyp/q-xdyw(x)dx.
Jo   Jo

by Lemma 2.7(ii)

Denote
/•CO

I(x)= /    <!>(x,yj(y))pyplq-xdy.
Jo

Let t = y/(y), then

/•CO

I'x) = -       <P(x, t)py/-x(t)p'q-x dip-x(t)
Jo

= -P r' V~x(t)plq<&(x,t)p-X(j>(x,t)dt
P    Jo

>^y\-x(t)x'q4>(x,t)dt

Finally take y/'x(t) = f(t)q .   D

by Lemma 2.5(ii).

The proofs of Theorems 2.3 and 2.4 are similar to those of Theorems 2.1 and

2.2. In fact we can show that Theorem 2.1 and Theorem 2.3, Theorem 2.2 and

Theorem 2.4 are equivalent respectively by the following change of variable,

Jo
^X-j^f(t)dt,

0 '
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with f(t) = f(l/t) i if / Î and so on. In §7 we will give some applications of

these theorems.

3. Operator 7¿

In order to obtain ||S^/||p;U) < C||/||pjU; in the range  1 < p < oo, it is

convenient to split S^ = T^ + T£ , where

VW= f 4>(x,y)f(y)dy.
Jo

The operator T1 will be studied in the next section. We shall assume

(HI) <D(;c, r) < B<&(x, t)Q>(t, r),    0<r<t<x;

(H2) / i=» T+f | .

Remark 1. (HI) implies ®{x, x) < 77<P(jc,x)2 or <P(x,.x) > B~x. Also

we notice that (H2) is equivalent to the condition 0(x, r) [ in x for x >

r and <¡>(x, x) |. In fact if the latter condition holds, then for f [, we

have T^f(x) = /* <p(x, y) /0°° Xe& , t) dt dy = jQ°° ¡0X 4>(x, y)xE(y, 0 dy dt =

Jo°° T<t>X{oj{t))(x) dt I, where E = {(y, t) ; f(y) > t}, and (0, y(t)) = {y ; f(y)
> t} , for t > 0.

Remark 2. A special case of (HI) already appears in [3].

Theorem 3.1. If 1 < p < oo, and (Hl), (H2) hold, then
/»OO /»CO

(3.1) /    (T^jywKQ /    fpw,        V/l
Jo Jo

iff
pr /»oo /»/■

(3.2) ®(x,x)pw(x)dx+       ®(x, r)pw(x)dx < C2 /  w,       Vr > 0.
Jo Jr Jo

Remark 3. We will see later (Remark after Theorem 6.1) that (H2) plus (3.2)

without (HI) is not enough for the norm inequality (3.1) to hold.

Proof. (3.1) -»(3.2) Let f = X(0,r)- Then

(3'3) ^/(x) = U(x,r)    if*>r.

So (3.2) holds with C2 = Q .
(3.2) -» (3.1) Let r = y/(y) 1, then

(3.4)
roo    /•(c(y) /"oo    /-oo/•oo    ry/{y) /"oo    /-oo

L=  /     /      <$>(x, x)pw(x)dxdy+        /     <P(x, y/(y))pw(x)dxdy
Jo     Jo Jo     Jy/(y)

roc     ry/{y) roo

< C2        /      w(x)dxdy = C2       \f/~x(x)w(x)dx.
Jo   Jo Jo

Changing the order of integration and integrating by parts, we get
/»OO /»CO       /»CO

L=        y/~x(x)<b(x, x)pw(x)dx+ \     \        <&(x, i//(y))p dyw(x)dx
Jo Jo     Jy/-'(x)

/•oo     roo

= -p        /        y<&(x, ip(y))p-x(t)(x, i¡/(y))dy/(y)w(x)dx.
JO      Jy/-'(x)
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Let t = \p(y), then

roo     rx

L = p        /   ip-[(t)<P(x, t)"-x(j)(x,t)dtw(x)dx.
Jo   Jo

Take

y/-\t) = /(*) ( V)'"1 (t) = f(t) Qf 0(f, y)f(y)dy^j      ,

then since (HI) implies

/' 4>(x, y)f(y) dy < B<b(x, t) f <f>(t, y)f(y) dy,
Jo Jo

we get

roo     rx   /   rt \ P-'

L>pB~(p-V y°° jX [J 4>(x,y)f(y)dySj      f(t)<f>(x, t)dtw(x)dx

j    (      <j>(x,y)f(y)dyj  w(x)dx.

(3.5)

= fi-(p-i

Combining (3.4), (3.5) we complete the proof with Ci = CPBp(-p~V by Holder's
inequality.   D

Definition. For 0 < p < oo,

weBp(<p)~(   cJ)(x,r)pw(x)dx<C j   w,    Vr > 0.

Remark 4. If we assume

(H3) <S>(x,x)<C,

then we have 7??(</>) c Bp((f>), q < p . The next theorem gives a result for # > p .

Remark 5. It is easy to see that if r\ |, then w € 7?p(<0) implies nw e Bp(<f>).

Theorem 3.2. Suppose 0 < p < oo, ««¿7 (HI), (H2), and (H3) Ao/<7, iAe«

w e Bp((f)) —y 3e > 0, such that w e 7?p_€(0).

T'roo/. Suppose w € 7ip(0), then we have by Theorems 2.2 and 3.1,

/o

Let for 0 < e < 1 ,

/•OO /»OO

/    (Ttf)pw<C       fpw,    V/l.
Jo jo

if y < r,

/•)'-e,    if)>>r,

where the constant A will be chosen so that f J.. Then for y > r, fr(y) =
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tT^o,r)(y)x~e I by (H2). Hence for x > r,

T+Mx) = AJr <j>(x ,y)dy + e j' 4>(x, y)<b(y ,/•)'- dy

= AQ{x,r) + e      <f>(x,y)4>{y, r)1 e dy

> A®(x, r) + C771- J%(xty)*{*'^~_etdy

l-e>(A- C0)i>(x, r) + C0<P(x, x)e<D(x, r

>C0<D(x,x)e<P(x,r)1-e    if^>C0

> C<P(x, r)1_e    since <P(x,x) > 7i_1

where Co = min{ 1, B}. We get
/•oo rOO

J     {T^fr)pw>Cj    <t>(x,r)^pw(x)dx.

On the other hand,
roo rr /»OO

/    fpw=Ap      w(x)dx + ep       Q>(x,rf-^pw(x)dx.
Jo Jo Jr

For e > 0 small we get w e 7?{1_e)P(0).   D

4. Adjoint operator T1

In this section we consider
/•OO

T¡f(x)= I    <p(x,y)f(y)dy,
Jx

and set

0*(x,r)=/  0(x, y)dy + 1,        x < r.
J X

We need conditions similar to (Hl), (H2), i.e.

(H4) 0*(x,y) <B<&*(x, t)Q>*(t,y),        for x<t<y;

(H5) / i=> T¡f | .

We notice that (H5) is equivalent to the condition 3>*(x, r) j  in x for

x < r, Vr > 0.

Theorem 4.1. Suppose (f> satisfies (H4), (H5), then for p > 1,
/•CO /»OO

(4.1) /    (T;f)pw<C       fpw,        V/l
Jo JO

iff

(4.2) [ <&*(x,r)pw <C [ w,        Vr>0.
JO JO

Remark. We will see later (Remark after Theorem 6.1) that (H5) plus (4.2)

without (H4) is not enough for (4.1) to hold.
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Proof. (4.1) - (4.2) Let f = X(o,r).
(4.2) -> (4.1) Let r = y/(y) |, then

/-co     ri//(y)

L= I     /       <D*(x, >p(y))pw(x)dxdy
Jo   Jo

/oo    ryi(y)
I      w(x)dxdy

/•CO

= C /    y/~x(x)w(x)dx
Jo

= CR,

Changing the order of integration in the definition of L, we get

roc    ry/~'{x)

(4.4) L= /     / <S>*(x,y/(y))pdyw(x)dx.
Jo   Jo

Let

(4.5) 7(x) = Í    * &(x,¥(y))pdy.
Jo

Fix x>0,let w = <D*(x, y/(y)) ,y = ip~x(<i>x-l(u)). Then

/•CO

I = I(x) = - upd¥-x(Vx-\u)).
J<t>*(x,x)

Let í = <P*~'(w), or « = 0*(x, i). we have

7 = y(D*(x,^(y))''|0v'   (x) + p        y~x(t)V(x, t)p~x<t>(x, t)
J X

Now take

y-\t) = f(t)[T;f(t) + f(t)]p-x

= f(t)U°°cp(t,y)Ay)dy + f(t)

Since (H4) implies for x < t, y > 0,

/OO /     /»OO0(^^)^(O,y)(5)i/5<7i«D*(x, t) U      (f>(t,s)X(0,y)(s)ds + X(0,y)(t)

we have by a suitable approximation argument that

J°° <t>(x, y)/(y) dy < BV(x, 0 (J°° 4>(t, y)f(y) dy + /(i)) .

Thus we get

roo   r    roo "|P—1

i>pJ    J   <t>(t,y)f(y)dy + f(t)     o*(x,t)p'x4>(x,t)f(t)dt

(4.6) yB-^pj*   j0O<p(x,y)f(y)dy"    <p(x, t)f(t)dt

= B-p+x(T;f)P.

19

)dt.

P-i
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On the other hand

*<cj™ (jf) (c-(T;f)p-l)w + cj™fpw.

Combining this with (4.3)-(4.6), we complete the proof by using Young's in-

equality with e small.   D

Definition. For 0 < p < oo,

w e B*((j)) «-» /  <P*(x, r)pw(x) dx<C [ w,       Vr > 0.
JO JO

If d)(x, y) = ^X(x,oo)(y) » we simply write B* instead of B*((j>).

Corollary 4.2. Suppose 0 < p < oo, and if p > 1, 4> satisfies (H1)-(H5), then

/•OO /»OO

/    (T4f+T;fY>w<C        fpw
Jo Jo

iff
w£Bp(<p)r\B;(cp).

Remark. Suppose (H5) holds and n \ , then w e B*(4>) implies nw e B*((f>).

Proof. Let 0 <s < r, w e B*(4>), then

/ <P*(x, r)pw(x)dx < Co / w(x)dx.
Jo Jo

So, if <D*(j, r)p > Co, we have by (H5)

/  <P*(x, r)pw = I  í)*(x, r)pw - [ <&*(x,r)pw
Js Jo Jo

<Co i w-<&*(s, r)p [ w
Jo Jo

< Co /  w.
Js

If &(s,r)P< Co, then

j 4>*(x, r)pi<; < <V{s, r)p f w <C0 f w.

Thus

Í <&*(x,r)pw <C0 [ w,        V0<5<r.
7í Ji

From this we get

/ <b*(x,r)pnw<Co I nw ,        Vr¡ T
Jo Jo

by a suitable approximation argument.   D

It is clear that B*(<j>) c B*(<f>), q > p , and in the other direction we have
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Theorem 4.3. Suppose 0 < p < oo, and (H4), (H5) hold. Then

w £ Bp((f>) -+ 3e > 0, such that w £ B*+e(4>).

Proof. By Theorems 2.1 and 4.1, we have

/»OO /»CO

/    (T;f)pw<C       fpw,        V/|.
JO Jo

Take

f(x) = (a - l)<P*(x, r)aX(o,r)(x),        a > 1 to be chosen.

Then for x < r,

T;f(x) = (a-\) ¡rW(y,rY(p(x,y)dy
J X

> ̂ -li<D*(x, r)a f J[X,y\   dy       by (H4)
-   Ba Jx ®*(x,y)a   y i \     )

= ±-J>\x,rYV(x,y)x-a

= ¿[<ï>*(x, x)'-acD*(x, r)° -<P*(x, r)].

X

>/=r

So

/ <P*(x, x)('-a^<P*(x, r)apw(x)dx
Jo

<C [ <&*(x,r)pw(x)dx + (a- l)pC'(p,B) [ <D*(x, r)apw(x)dx
Jo Jo

<C [ w + (a- \)PC I <&*(x,r)apw(x)dx.
Jo Jo

Note that <P*(x,x) = 1  and w e B*((f>).   Choosing a close to 1, we get

W £ Bap(4>).    D

Corollary 4.4. Under the hypothesis of Theorem 4.3, we have for some e > 0,

f w
<t>*(r,or)p+e^^<C,        Vr>0,<7>l.

So  w
Proof,  w e B*(4>) -» 3e > 0 such that w £ B*+((4>), so

/ <I>*(x, r)p+íw(x)dx <C j w(x)dx.
Jo Jo

Let o > 1,

/"■    , , ,        [r<t>*(x,or)p+(
/  tu(xWx = /   -=—;-r-—u;(x)flx

y0     v; Jo <S>*(x,or)P+t    y  '

C
®*(r~7or)P+e

since <P*(x, r) [ in x by (H5).   D

7    / W
Jo
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5. Calderón operator

In this section we consider Calderón operators

fxß
Tf(x) = x~a        s?-xf(s)ds,    a,ß,y>0;

Jo

T*f(x) = x~a> j s^~xf(s)ds,     ax,yx>0;
Jxi>lxi>

Sf(x) = Tf(x) + T*f(x).

These operators occur in the study of operators which are weak type (/?,, q¡),

i = 1, 2 [2].
It is easy to see that for / J., if ß < a/y then Tf j, and if -ax < ßyx ,

then T*f[. Denote ô - ßy -a, then we have

Theorem 5.1. Suppose 6 < 0, a>y, p > 1, then

(5.1) / (Tf)pw<C f fpw,    V/l
JO JO

iff

(5.2) í xpSw + rpS Í  (~yaw <C f   w,    V0<r<l.

Proof. (5.1) - (5.2)    Let f = X{o,rß)-
(5.2) ^ (5.1)     Let r = ip(y)P I, where y : (0, oo) — (0, 1) is onto. Then

roo     rw(y)ßroo    ryyyr

< C        /        w(x)dxdy
Jo   Jo

r\

<C      y/~x(x^)w(x)dx
Jo10

= CR.

Changing the order of integration, we get

»1     roc

L= i   H     ¥(y)ß>Pdy^dx.
Jo jV-'m x

roc

= /      ¥(yY

Denote
/•oo

7(x) = /

and let u = y/(y), then we have

7 = - / ußypdy-x(u)
Jo

= -u^pip-x(u)\xo + ßyp f  \p-x(u)ußyp-xdu.
Jo
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Let 7] be the last integral. Take

823

¥-x(u) = f(u^) u
ru* -|P-1

/    s?-xf(s)ds
Jo

then

rX  [   ru"

Ii= /    s'~lAs)ds
Jo   [Jo

\jX s?-xf(s)ds

p-1

u^-xf(uß)du

Jp
So

/•' r rx"
L>y        /    s-?~xf(s)ds

Jo   [jo

,1 r fx>
>y        /    s?-lf(s)ds

Jo    Jo

r= f f(x)\x-y f sy-xf(
Jo L      jo

w(x) j-      Í  yßypM-\
dx

xap

w(x)
XaP

1P-1

-L*if/   (x)w(x)dx

dx-CR   by (5.2)

w(x)dx.

' 1 )    If ß < 1, then x < x? . Since a > y, we have

so that

* < / f{x)  x~a [   sy~xf(s)ds       x{a-^p-X)w(x)dx
Jo Jo

< f f(Tf)p~lw.
Jo

(2)   If ß > 1, then x > x? . Since // J. if / I,

x~y f sy-xf(s)ds<x-ßy (   Sy-lf(s)ds
Jo Jo

R< [ f(x)(Tf)p-1(x)x(a-f¡y)(p-X)w(x)dx
Jo

< f f(Tf)p-lw,
Jo

since a - ßy > 0.    D

Theorem 5.2. Suppose ß = jE^ , ô = ßy - a  (= ßyx - a,) < 0, and ß > 1.

7"Aí?« /or 1 < /> < oo,

(5.3) f (Sf)pw<C [ f»w,    V/I
JO Jo

#VO<r<l,

(5.4) / xpSw + rp& Í (-)""' w + rpö j  (-)PQ w<C Í
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Proof. (5.3) -» (5.4) Let f = x(o,rß)-
(5.4) -» (5.3) In view of Theorem 5.1 we only need to show the norm in-

equality holds for T*f. Let r = y/(y) |, where y/ : (0, oo) —* (0, 1) is onto.

Then we have

Lm f hvF&dxm f f   (X\(y^pdy^dx
Jo xaiP Jo Jo xaiP

roc     rl//(y)ß

<C I     I        w(x)dxdy
Jo   Jo

= C      ip~x(x?)w(x)dx
Jo10

= CR.

(1)   Let u = y/(y) in 7] , then

»i
7, = - f u»ypdy/-x(u)

Jx

= xßnpy/-x(x) + ßyxp [ y/-x(u)ußyip-xdu.
J X

Let

Since

we get

<p-x(u) = f(uß)

,i y~x

u-ßn  /   S7i-if(s)ds
Juß

d_
du juß

So

- / Sy^xf(s)ds^-ßußy^xf(uß),
U Juß

Ii =xßnpy/-x(x) + ßyip í     I sn-xf(s)ds
Jx    [Juß

= xßy>piv-x(x) + yi\[sy>-xf(s)ds    .

L>7i f (T*f)pw.
Jo

f(uß)ußy>-x du

(2)   Now we estimate R.

R= Í f{x)  x-" j sy-xf(s)ds

< f f(T*f)p-lw,
Jo

w(x)dx

since yxß < ax, ß > 1.   □

If y i = 0, a< > 0, we have
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Theorem 5.3. If I < p < oc, I < ß = ^ <* , then (5.3) holds iff (5.2) holds.

Proof. In this case

r/(x)=x-a' / s~xf(s)ds
Jxß

So

T* f(x) < x'a' f(xß)ßlogx~x.

Now 5 = ßy - a = -e*i, and hence

/ (T*f)p(x)w(x)dx<ßp I x-a>p(\ogx-x)pf(x»)pw(x)dx
Jo Jo

< C [ (\ogx-x)pf(x)pw(x)dx   by Theorem 5.1
Jo

<C f x'a,pf(x)pw(x)dx
Jo

<C [ fpw   by Theorem 5.1

which completes the proof.   D

If a] = yi = 0, we have

Theorem 5.4. If\<p<oo,ß = ^>\, then (5.3) holds iff (5.2) holds and

(5.5) [ log-w(x)<C f   w,    V0<r<l.

Proof. Let r = y/(y)x/ß in (5.5), where y/ : (0, oo) —► (0, 1) is onto, and tp I.

Hence

roc     ry/(y)foe   pw" wtv)Uß /■'
/     / log^-^—w(x)dxdy<C I   y/-x(x)w(x)dx.

Jo   Jo x Jo

By changing the order of integration, letting t = ip(y), and integrating by parts,

we get (note that ax = y. — 0 )

LHS = ^/   /  W~\t) — w(x)dx = ^i  T*y/~x(x)w(x)dx.
ß Jo   Jxß i P Jo

Take ip~x(t) = f(t), we get the result for p = 1. For p > 1, for / j , let

F(x)=pßf(x)
f(u)f A}

Jx       U

-IP-1
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then

f (T*f)pw= f  T*Fw
Jo Jo

< C      Fw   from the case p = 1
JO

»i        r   i       "ip_i
w(x)dx

<C I   f(T*f)p~xw   since ß> 1.
/o

We complete the proof by using Holder's inequality.   D

Remark. We also mention here that for ß > 1, 0 < p < 1, (5.5) holds iff

(5.6) Í (log-Yw(x)dx< C Í   w,        V0<r<l.

In fact suppose (5.6) holds, then in Theorem 2.2 we take

<l>{x>y) = -X(Xß,i)(y),

we get

/ (T*f)"w<C I fpw.
Jo Jo

Let /1, and take

-)'    Ax),
_ 1 ( [lf(u)\

P\Jx       U    )

then T* f(x) = (T*F(x))p , so

»i /-i
[  T*fw = f  (T*F)pw < C f F»t

Jo Jo Jo

<yp I (T*f)l~pfpw,    since ß>l.

This implies (5.5) by Holder's inequality.   D

For 0 < p < 1, we may use Theorems 2.1 and 2.2.

6. Special weights

For operators of the form
/»OO

Tf(x)= /    <¡>(t)f(tx)dt,
Jo

Minkowski's integral inequality easily gives us a necessary condition for a norm

inequality. For special multiplicative weights the necessary condition is also

sufficient. The condition will also give us examples showing that (Hl), (H4) are

necessary for norm inequalities in Theorems 3.1 and 4.1.
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Theorem 6.1. Suppose 1 < p < oo, 4> : E+ —> E+, w : E+ —> E+ sucA íAaí tu î
and w(xy) ~ uj(x)ií;()>). Then

(6.1) lir/lk^cy/ii,,«,,     f\

(6.2) f^w(l/t)x/pdt<oo.

Proof. Note that w(l) ~ w(x)w(l/x) or iü(1/x) ~ l/u;(x).

(6.2) - (6.1).
/»CO /•    /»OO ■». 1/p

\\Tf\\p,w<j    <(>(t) |y    /(ix)"w;(x)^x|     rff

= /o   0(OU   S(u)pw(u/t)^j     dt

(6.1)—> (6.2). For N a positive integer let

( Nxlpw(N)xlp,    forO</<l//V,

fN(t) = {
(U')l/P

t>/p     '

lo,
for l/N <t<N,

fOTt>N.

We then have

tNix rNix  s(t\
TfN(x)= /      <p(t)fN(tx)dt> /      1^l-w(\ltx)xlpdt

Jo Jl/Nx (tX)'IP

^pW(l/x)xlpQßW(l/t)xlpdt

- [xw(x)]Up Jx/Nx tUP    v » >

> ?—rW Í      ^w(l/t)x">dt, if l/Nx'2 <x< Nx'2.
[xu^x^/p Jx/m,2 txlP

and
/»ex;

dt\.

ij"Nm^§w(\lt)xlpdt\   1 I' x<C(TfN)p(x)w(x)

[°°(TfN)p w<C [°° fpw = C{ f'N Nw(N)w(t) dt + Î ^SJM.
Jo Jo [Jo J\/N l

The expression in {■■■}< C(l +2logN), since w(N) < w(l/t) for 0 < t <

l/N and w(t)w(l/t) < C.
Thus for every N,

(rN"2  Mt\ \P   rN'/2 W

/        mwmi/PdA    /        ^<C(l+21og7V)
Ji//v'/2 r'p j   Ji/v/2 x

and the second integral = log N. Let N —► oo.    D
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Remark, (i) From the proof of Theorem 6.1, the condition w î can be replaced

by xifj(x) î , and -J J0r w < Cw(r), Vr > 0 and the last condition follows from

the multiplicative condition for w .

(ii) Let for 1 < p < oo,

m = tW logf*((M)(0-

Then </> e L''' and /0°° ̂  dt = oo. For this </> the operator

/•CO

r/(x)- /   <j>(t)f(tx)dt,   fi,
Jo

is not strong-(p, p) by Theorem 6.1 with w = 1. In fact we can check that 0

does not satisfy the condition (HI). In this case, (¡>(x, /) = ^4>(t/x) and (HI)

becomes

<fr(sxS2) < ß<D(5i)<D(s2) ,      VO < 5! , 52 < 1

where <t>(s) = /J 0. Let 5- = s2 = s, then

<P(j2)          So WPl^ïdt        1.         í»/i»       ,
.. .' . =-■-T -» x lim —T-:-dt = oo.

*<s)*(s)   (JSjpfci*)    2"°£^

Moreover we check that (3.2) holds for w = 1, 1 < /? < oo . In fact

/•CO roc   I    rl/x 1 \p

<-rf<^(Cr'"'d')'dx

pp
-r.

p-l

This shows that the condition (HI ) is needed in general for the norm inequal-

ity (3.1) to hold. Similarly if we take

then we know that the condition (H4) is needed in general for Theorem 4.1 to

hold.

7. Applications and sharp constants

( 1 ) Laplace transform

|»00

)dt.
/»CO

Lf(x) = /    e-*'f(t),
Jo>0

We can take <f>(x, t) = e~xl in Theorems 2.1 and 2.2 to get results for Lf(x)

Also we can use the estimate

e~xi?m<-^<-^i?m
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and let <f>(x, y) - (x/y2)X[X,oo)(y) » then we get different versions of the results

for the operator xLf(x) by using Theorems 2.3 and 2.4 (see also [4]).

(2) We consider the Riemann-Liouville fractional integral operator:

Raf(x) = ± [x(x-tr-xf(t)dt
x  Jo

= [ (l-t)a'xf(tx)dt,        fl,0<a<l.
Jo

We get

Proposition 7.1. Suppose 1 < p < oo, 0 < a < 1, then

(7.1) f[l-(l-^)a}PW<Ci[W,    Vr>0

implies
/•CO /»OO

/    (Rj)pw<C2       fpw,    V/l
Jo Jo

with C2<((1 + Ci)/ap)p . The converse holds with Q < C2ap - 1. Moreover

(7.1) is equivalent with w £ Bp .

Proof. Take

<p(X,t) = ±;(X-t)a-XX{0,x)(t)

in Theorem 3.1, then

®(x, r) =
^> x < r,

¿[1-(1-;)1>    *>'■
Clearly <I>(x, r) J. in x, Vx > r. To check </> satisfies (HI), let 0 < r < t < x,
a = £ , b = {■  (0<a<A<l), then

<D(x,i)0(i,'-)      l-(l-b)a ft     I-b\a-1     1/,     1-A\a_1     1 À/LS

<f>(x, r) aba

where A(b) = tzil^ÈL . it is easy to see that ^(0+) = a, A(\~) = 1 and A(-) î

by showing that A' > 0. So inf0<¿<1 ̂4(A) = a. Hence

<t>(x, r) < 5<P(x, t)<j)(t, r),        0<r<t<x,

with B - 1. This implies that (HI) holds with B = 1. Theorem 3.1 completes
the proof of the first part of the proposition. The equivalence of (7.1) and
w £ Bp is clear since a < A(b) < 1.   G

We also note that this <j> satisfies the other conditions in §3.
(3)If we take

<t>«(x,y)= va,_aX(o,X)(y),      a 6 (0,1],
x y

in Theorem 3.1, or

<t>a(x>y) = x^y-ï^;Xlx,oo)(y), a G [0,1],
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in Theorem 4.1 we get the results for operators

Aafix) = ̂ lofiy)y^'    <f^-x^Tñy)V^-
(4) Define w £ B^ iff

/  log-w(x) < C     w.
Jo        x Jo

Using the notation of [7], we have

Theorem 7.2. If (u, v) £ A*o, 0 < p < oo, 1 <po<oo,w£ Bp/Po n B^ , where

Bp/po = BpIpM°<) > a = l ' then
/•OO /»OO

/    ((Mf)l)pw<C       (fv*)pw,
Jo Jo

where

(u,v)£ A*Po <-♦ inf{p :(u,v)£ Ap) = p0.

This follows from Theorem 2.2, Remark after Theorem 5.4 with ß = 1 and

methods developed in [6].
(5) We now compute some special sharp constants. We first do this for the

operator Aaf.

Theorem 7.3. Suppose 0<p<oo,a>0,ap-s> 1, s > —1 then for w = Xs,

we have
roo roo roo

Ci       fpw<        (Aaf)pw<C2       fpw,    V/l
Jo Jo Jo

where
r*1-'^,   p>u

Cl    Ib^r)'-      0<j><i,
and

l^-'spfe.      0<p<l.
Moreover these constants are sharp.

We will prove this theorem in several lemmas.

Lemma 7.4. 7*br 0</?<oo,0<a<oo,pa-s> 1, s > — 1, then for w = Xs,

roo roo

(7.2) /    (Aaf)pw < Co /    fpw,    V/1
Jo Jo

where

ç,-. f (sût)'.   m.
{"-'¿¡Shr,        0<J><1.

Moreover, the constant is sharp.

Proof. Let <f>(x, y) = x-aya-xX(o,x)(y), then

{ - , x < r,
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and B = a. So

If l    r°° /r\aP f
-T /w + — /     (-)    w<Cx      w,    Vr>0
a" Jo <*" Jr    \x) -    'Jo

implies (7.2) with C0 < fi^-^Cf , by Theorem 3.1 if p > 1, and C0 = Q if
0 < p < 1 by Theorem 2.2. Now take w = xs, then it is easy to compute that

C\ = ap1ps_ia~p ■ So, we get the result for 0 < p < 1, and that C0 < (apls_x)p ,

if p > 1 . We now show that the constant is the best for p > 1. For further

use we let 0 < p < oo , and take

Then

So

1 +s
fa(x) = Xa aX(o, i),     for a-— < a < a.

Í ¿x0-0.        X < 1,
AJa(x) = {*  ,

/•CO /»l /»CO

/    (Aja)pw = /  a-pxp{a~a)xs dx + a~p /    x-^x5 rfx
JO JO Jl

+

Thus

1 + 5 - (a - a)p     ap - s - 1 '

/"CO J

i,   />= l+i-(a-a)p-

L°°(Aafa)Pw

S0°°faPw \ap-s-l.

by letting a —> ap~5~' , we get Co > (apfs_x)p , which completes the proof.   D

Lemma 7.5. Tw 1 <p<oo,a>0,ap-s> I, s > -I ,w = xs,

Hfpw<ap~S~lap-x   r(Aaf)pw,     V/I.
Jo P Jo

Moreover, the constant is sharp.

Proof. By Theorem 2.1 with w = v = xs, <f>(x, y) = x~aya~xX(o,x)(y), P - Q >

we can compute the constant Cp — aP~*~xap~x. It is clear that the constant is

sharp.   □

In particular, if we take a = 1, s = 0, we have

Corollary 7.6. we have for I < p < oo,

To prove next lemma, we recall the Holder's inequality. For 0 < p < 1,
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Lemma 7.7. Suppose 0 < p < 1, a > 0, and Vr > 0,

r\aP

<x )

then

/-co   , r.ap

I    (x)    w*Co™V

/•CO /»CO

(pCo)" /    fpw<        (AJY
Jo Jo

w.
/0 JO

Note. If for some s < ap - I, x~sw |, then w satisfies the hypothesis.

Proof. We have

>pQ
io   J**"1 Wo

,/>-!

i

1—a     'yap-1

/»CO

= pCo/    f(Aaf)p~x
Jo

The proof is completed by applying Holder's inequality.   D

Lemma 7.8. Suppose 0 < p < 1, ap - s > 1, s > — 1, fl«^ u;(x) = xJ íAt?«

va/? — s

Proof. Take ifj(x) = x5 in Lemma 7.7, then Co = apls_x .

Lemma 7.4 also shows that this constant is sharp.   D

The proof of

Note that the above two lemmas hold for all / not only for f [.  Now

combining Lemmas 7.4,7.5, and 7.8 we complete the proof for Theorem 7.3.

Next we compute some best constants for the operator A*af.

Theorem 7.9. Suppose 0<p<oo,a>0,ap-s< 1, then for w = xs, we

have
/»CO /»CO /»CO

C, /    fpw<        (A*J)pw<C2        fpw,     V/l
JO Jo Jo

where

Cx = {

Ci={

' %B(p,^-p), p>l,a>0,

&5?r(p), p>l,a = 0,

,(îT^)P> 0<p<l,

&B(p,^-p), 0<p<l,a>0,

(l+s) tT{p), 0<p<l,a = 0,

and B(-, •) is the beta function. Moreover these constants are sharp.

We will also prove this theorem in several lemmas.
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Lemma 7.10. For 0 < p < 1, ap - s < 1, w = xs,

(i) if a>0,
/•CO /»CO

/    (A*J)pw<Co        fpw,    V/l
JO JO

where c0 = a~ppB(p, ±±£ -p).

(ii)j/a = 0,

j~y~mdtywdxSïï^mjyw, v/1.

(iii) In particular for a= 1,5 = 0, since B(p, 1 -p) = F(p)T(l -p) = ^— ,

we have for 0 < p < 1,

r (T r/(í) dtYdx - ¿^ rnx)p ** -v/ * •
JO      V* J* / Sin 71/7^0

Moreover all constants are sharp.

Proof. In Theorem 2.2, let <f>(x, y) - x~aya~xX(X,oc)(y). then for r > x,

1   '   '     llog§, a = 0.

Hence for a > 0,

*-¿Srjf((ír-o'"*

5+1 _ fl+S ,   ,\

= a-ppB(p,X-±^-p).

For a = 0,

Cp = ^¿ i' (log-Yxsdx = (l+s) [   tpe^s+x^dt = (l+s)-ppY(p).
f      Jo x Jo

Hence we complete the proof.   D

Lemma 7.11. Suppose a>0,p> 1 and Vr > 0,

f ( r\aP
/   ( —1    w(x)dx < C0rw(r),

then
POO /«CO

/   (A;f)pw < (pCo)p /    fp.
Jo Jo

Note. If for some s > ap - I , x~sw 1, then w satisfies the hypothesis.
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Proof. We have

< Cop lo°° (I°° ^ dtj    f(y)ya(x-p)w(y) dy
/»OO

= Cop/    (A*J)p-xfi
Jo

^J-dt'1
tl-a

,.. n-1    ,
tw

We complete the proof by applying Holder's inequality.   D

Lemma 7.12. Suppose a>0,p> I, ap - s < 1, iu(x) = x* then

(7-3) [wy«<-{TTj^)' [f'w-

Moreover, the constant is sharp.

Proof. In Lemma 7.11, let w(x) = Xs, then we can take Co = 1+5'_    , so (7.3)

holds. We now show the constant is the best. For 0 < p < oo , let

/•_v-(a+a)v rw„^1+J~a.P
Ja=X '*(0,1)> U< a <-.

Then

So

A*Ja(x) = — [ ra~x dt = —(— - 1).
aJ v '    xa Jx axaKxa      '

J™(A*Ja)pw = a-p j\-ap+° (JL - ij dx

/•OO /»l

/    fpw=      x^a+a^p+s dx
Jo Jo

_ 1
1 + 5 - (a + a)p '

Let ß = 1 + 5 - (a + a)p > 0, we have

So^^Jafw
= ( 1 + 5 - (a + a)p)a-p [ ( 1 - xa)pxs^a+a)p dx

Jo

pß [ (l-xa)pxß-xdx
Jo

= a~ppa [ xß(l-xa)p~xxa~xdx
Jo

-+ax0-"p í (l-xa°)p-xxa°-xdx = a-p,

Jo

So°° faW JO
»1

/O
-I

by the dominated convergence theorem, and letting a -+ «o = 1+sp ap > or ß

0.   G
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Lemma 7.13. Suppose 0 < p < 1, a > 0, and Vr > 0,

/'(-Jo v*

\<*p
J    w>C0rw(r),

then
/•CO /»CO

(pco)"/ /^< / K/y™.
JO JO>0 JO

Note. If for some s > ap - 1, x_ííaí J,, then w satisfies the hypothesis.

Proof. We have

>_PCa¡;^(rmymdy
'y

í»CO

V>-1
/»CO

■peo    fwy-'w.
Jo

The proof is completed by applying Holder's inequality.   D

Lemma 7.14. Suppose 0 < p < 1, ap - 5 < 1, a > 0, then for w = Xs, we have

P     rooroo roo

/     fpw< (A*J)PW.
Jo JoI + S - ap

Moreover the constant is sharp.

io 7 11 tv.»n r_
l+S-ap

Proof. Take w = xs, in Lemma 7.13, then Co = ,,'_    . The proof of Lemma

7.12 shows that this constant is sharp.   D

Note that the above four lemmas hold for any / not only for / j

Lemma 7.15. Suppose p>l,ap-s<l,a>0, then for w = xs,

roc roo

Co       fpw< /    (A*J)pw,    V/
JO JO

( JLB(p,x-±±-p),    p>l,a>Q,

I
Jo Jo

where

Co

Moreover the constant is sharp.

Proof. Take w = v = xs,p = q in the Theorem 2.1, then the same computa-

tion as in the proof of Lemma 7.10 gives the constant Co . Clearly the constant

is the best.   D

Finally combining Lemmas 7.10, 7.12, 7.14, and 7.15 we get Theorem 7.9.
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