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WEIGHTED NORM INEQUALITIES FOR
GENERAL OPERATORS ON MONOTONE FUNCTIONS

SHANZHONG LAI

ABSTRACT. In this paper we characterize the weights w, v for which {|S,f]|p, w
< C||fllg,v , for f nonincreasing, where Sy f = [ ¢(x, y)f(y)dy.

1. INTRODUCTION

In this paper we will study weighted norm inequalities of general operators
of the form

(L1) Sy (x) = /0 " b(e, 9)f() dy

on monotone functions f : R, — R, . Operators of this type dominate many
classical operators 7 in the sense that (T f)*(t) < CS;f*(t), where g*(t) =
inf{y; [{x; |g(x)] > y}| < t}, the rearrangement of g. We refer the reader
to [2, 5] for examples, as the Hardy-Littlewood maximal operator, the Hilbert
transform, etc.

It is thus of interest to characterize the weights w : R, — R, for which

(1.2) 16 1lp.w < CllSAlp,w >

as this gives extensions of the classical norm inequalities. This is the reason
why the study of (1.2) has recently attracted a great deal of attention [3, 4,
6-9], beginning with [1] Arifio and Muckenhoupt for the averaging operator
Af(x) = % fox f to the more general version of [3] for operators of the type
Sef(x) = fol ¢(t)f(tx)dt. All of these operators are special cases of (1.1). In
this paper we use extensions and refinements of the method introduced in [6]
for Af to characterize those w : Ry — R, for which (1.2) holds for monotone
functions. This will be done §2-§6. The final section deals with applications
and a discussion of the sharp norm constant in (1.2) for various choices of
¢: Ry xR, - R, and w:R; - R, .

Throughout we shall use the notation f | (f 1) to indicate that f: R, —
R, is nonincreasing (nondecreasing). When proving inequalities for monotone
functions, we may as usual restrict ourselves to homeomorphisms since a general
monotone function can be approximated by homeomorphisms.
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2. OPERATOR Sy

In this section we study p, g-norm inequalities with double weights for

S0 = [ #(x 1)1 ) dy.
Define
0. = [(ox )y, @lr.n) = [ olx, y)dy,
where ¢ : R, x R, — R, . We have
Theorem 2.1. If 1 < g <p < o0, then

@.1) (f f”w>l/p <c[[ el "

holds for all f | iff

(2.2) (/Orw> l/p <C [/Ooo O(x, r)"v] . , vr > 0.

Moreover (2.1) and (2.2) have same constant C .

Theorem 2.2. If 0<g<p <1, then

(2.3) [/Ooo (Ssf) w] " ec (/000 f"v)l/q

holds for all | iff

(2.4) [/Ooo D(x, r)”w] . <C (/Orv)l/q R vr > 0.

Moreover (2.3) and (2.4) have same constant C .
Theorem 2.3. If 1 < g < p < o, then (2.1) holds for all f 1 iff

(2.5) (/’Oo w)l/p <C [/000 D, (x, r)"v] . , vr > 0.

Moreover (2.1) and (2.5) have same constant C .
Theorem 2.4. If 0 < q <p <1, then (2.3) holds for all {1 iff

(2.6) (/Ooocp.(x,r)pw)l/pgc(/roov>l/q, vr > 0.

Moreover (2.3) and (2.6) have same constant C .

To prove Theorems 2.1-2.4, we need the following lemmas.
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Lemma 2.5. Suppose g, h:R, - R,, h is AC, and k' >0, h(0*) =0, then

(i) For g > 1,
(2.7) /r g < Coh(r)?, vr>0
0
iff
(o) [es) q
(2.8) /O f"gSCo[/O fh] . VfL

(ii) For 0<g<1,

r
/ g > Coh(r)?, vr>0
0

/OoofquCo [/wah']q, vrL.

Lemma 2.6. Suppose h is AC, and h' <0, h(co™) =0, then
(i) For g > 1,

iff

/ g < Coh(r)?,  ¥r>0

/ooof"gsCo[—/omfh']q, as
(i) For 0<g <1,

i

/ g > Coh(r)?, vr>0
r

[Trezal- [T .

Proof of Lemma 2.5. Suppose g > 1.
(2.8) — (2.7) Let f=X(0,,).
(27) - (2.8) Let r=y(») |, ¥(0) = 00, y(o0) = 0, then
1/q

0o v(y) " oo
/O [/0 g(r)dz} dy < G/ /0 h(w(y)) dy

=—Cp'/ /oooh(t)dc//“(t)

= Gyt / w (OK' (1) dt,
0

i

=1 1/q
o =/o Uo Xgo,w<y>>(t)g(t)dt] dy
1 a 1/q
2 {/ {/ X0,5)(?) d)’] g(1)dt } by Minkowski’s inequality
0 0

- [/000 v (g (2) dt] "
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Now let y~!(¢) = f(t) to complete the proof for (i). The proof for (ii) is
similar. O

The proof of Lemma 2.6 is similar to that of Lemma 2.5. In fact we can
show that Lemma 2.5 and Lemma 2.6 are equivalent. For convenience we state
the following particular case of Lemma 2.5, which can be derived by taking
glx)=xP~t h(r)=r, Co=1/p.

Lemma 2.7. (i) For 0 < p <1, we have

(/wa)pSp/wap(x)xp-‘dx, Vr L.

(ii) For p > 1, we have

(/wa)pzp/owf%x)x”-'dx, Vr L.

Proof of Theorem 2.1. (2.1) — (2.2) Let f = x0,r -
(2.2) — (2.1) Let r=w(y) |, where ¥ : (0, c0) — (0, 0co) is onto, then

a/p
L= / (/ dx) yar=ldy

< / / O(x, y(»)) 0 (x)dx y??~' dy
0 0
=CR,

where

R= / ~ / Z (e, p() Y P dyv(x) dx

/ I(x)v(x)dx.

Fix x >0, let t = y(y) in I(x), then
I(x) = / O(x, )7y ()77 dy~ (1)
-2.q /0 = (7P D(x, 187 B(x , 1) dt.
Now take
g(t) = ®(x, 7' ¢(x, 1), h(t) = ®(x, 1),
f=vor, Co=:

in Lemma 2.5(i). We get

%[/ v i ()P p(x, t)dt]q.
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Now by Lemma 2.7(i), since ¢ < p,

plr= v alp
> 7 [/0 /0 w(x)dxdyl
q/p

[/ v x)w x)dx] .

Finally by taking w~'(x) = f(x)?, we complete the proof with the same con-
stant C. O

Proof of Theorem 2.2. (2.3) — (2.4) Let = x0.r -
(2.4) - (2.3) Let r=yw(y) |, then

- ” / T @(x, p(y)Pw(x)dxy?1 dy
0 0

pla

00 v(»)
<C”/ (/ v(x)dx) yPla=ldy

/q

v(y)
l / / v(x)dx dy] by Lemma 2.7(ii)

[ [v ‘(x)v(x)dx]p/q ,

c?
/ / O(x, y()Py? dyw(x) dx.

I I/\
3@1& 'm-::

Denote
= / O(x, y(y))Py*litdy.
0

Let ¢ = y(y), then
1) == [0t pytwpie-t w0
=Lp [Tur i, oo,
>4 [ / v (O)Yag(x, 1) dt} by Lemma 2.5(ii).

Finally take y~!'(1) = f(¢)?. O

The proofs of Theorems 2.3 and 2.4 are similar to those of Theorems 2.1 and
2.2. In fact we can show that Theorem 2.1 and Theorem 2.3, Theorem 2.2 and
Theorem 2.4 are equivalent respectively by the following change of variable,

Sof(x) = / 25 10 fiyar,
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with f ()= f(1/t) | if f1 and so on. In §7 we will give some applications of
these theorems.

3. OPERATOR Ty

In order to obtain |[|Syf||,,w < C||f|lp,» in the range 1 < p < oo, it is
convenient to split Sy = Ty + T3, where

Tsf(x) / d(x, »)f
The operator TJ; will be studied in the next section. We shall assume
(H1) O(x,r) <BO(x, t)P(t,r), O0<r<t<Lx;
(H2) fl=Tyf 1.

Remark 1. (H1) implies ®(x, x) < B®(x, x)? or ®(x,x) > B~'. Also
we notice that (H2) is equivalent to the condition ®(x,r) | in x for x >
r and ®(x, x) |. In fact if the latter condition holds, then for f |, we

have Tyf(x) = [¥ ¢(x, ) 5" xe(y, tydtdy = [° [Fd(x, y)xe(y, t)dydt =
I3 Toxio 5y (X @t L, where E ={(y, 1); f(v) > 1}, and (0, 5(1)) = {y; f(»)
>t}, for t>0.

Remark 2. A special case of (H1) already appears in [3].
Theorem 3.1. If 1 < p < oo, and (H1), (H2) hold, then

(3.1) [[@moresa [T v

iff

(3.2) /r D(x, x)Pw(x)dx + /oo O(x, r’w(x)dx < G, /rw, vr> 0.
0 r 0

Remark 3. We will see later (Remark after Theorem 6.1) that (H2) plus (3.2)
without (H1) is not enough for the norm inequality (3.1) to hold.

Proof. (3.1) —(3.2) Let f = xq,r - Then
(33) T¢f(x)={¢(x’x) ifx<r,

D(x,r) ifx>r.
So (3.2) holds with C; = C;.
(3.2) — (3.1) Let r=w(y) |, then
(3.4)

L= / ” / " (. x)Pw(x) dxdy + / ” / oo)d>(x, w()Pw(x)dx dy

< C2/ / x)dxdy = Cz/ v (x)w(x)dx.
Changing the order of integration and integrating by parts, we get
L= / w i x)®P(x, x)Pw(x dx+/ / )P dyw(x)dx

- p / / yd><x,w<y>>"-'¢(x,w(y))dw(y)w(x)dx.
0 v~ (x)
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Let t = w(y), then

L= p/ / v (OD(x, 1P d(x, 1) diw(x) dx.
Take
p—1
V=0 = 0 (o)™ 0 = 0 / s dy)
then since (H1) implies
/¢x ) () dy < BO(x, t/qst @) dy,

we get

-1

L>pB-0- U/ / </¢x NS dy) F(0)d(x, 1) dtw(x)dx
=B~ ”/ (/ b(x, yf(y)dy> w(x)dx.

Combining (3.4), (3.5) we complete the proof with C; = C§BP?~1 by Holder’s
inequality. O

(3.5)

Definition. For 0 < p < o0,
weBp(¢)H/ O(x, rfw(x x<C/ , Yr>0.

Remark 4. If we assume

(H3) Q(x, x)<C,

then we have B,(¢) C By(¢), ¢ < p. The next theorem gives a result for ¢ > p.
Remark 5. 1t is easy to see that if n |, then w € B,(¢) implies nw € B,(¢).
Theorem 3.2. Suppose 0 < p < oo, and (H1), (H2), and (H3) hold, then

w € By(¢) — e >0, such that w € By_(¢).
Proof. Suppose w € B,(¢), then we have by Theorems 2.2 and 3.1,

/Om(T¢f)”w§C/0°of”w, vf 1.

Letfor 0<e< 1,

A, ify<r,

) = { €@y, r)-c, ify>r,

where the constant A will be chosen so that f, |. Then for y > r, f,(y) =
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€Tyx0,»(»)'~¢ | by (H2). Hence for x > r,
r X
Tyf(x) = A /0 sx, My +e [ o(x, ), ' dy

= 40(x, 1)+ [ 6(x, O, '~ dy

X l1—e
> 40(x, )+ eB' [ o gt

> (A —Co)®P(x, r)+ Co®(x, x)P(x, r)' ¢

> Co®(x, x)®(x, r)!~¢ if 4> C

> C®(x, r)!=¢ since ®(x, x) > B!
where Cp = min{l, B} . We get

/ (Top) w > C/ D(x, ) =Pw(x)dx.
0 r
On the other hand,
o0 r fore)
/ fPw = A”/ w(x)dx+eP/ O(x, r)1-Pyw(x)dx.
0 0 r

For € > 0 small we get w € B(j_¢),(¢). O

4. ADJOINT OPERATOR Tq;‘

In this section we consider
T310) = [ otx, 9)f0)dy,

and set

r

¥, 0= [ gyl x<r
X
We need conditions similar to (H1), (H2), i.e.
(H4) ®*(x, y) < B®*(x, t)®*(¢, y), forx <t<y;
(H5) fl=Tf1.

We notice that (HS) is equivalent to the condition ®*(x,r) | in x for
x<r,vr>0.

Theorem 4.1. Suppose ¢ satisfies (H4), (HS), then for p > 1,

; OOT* P > p

(4.1) /0(¢f)wsC/0 fw, VfL

iff

(4.2) /rd)*(x, rfw < C/rw, vr > 0.
0 0

Remark. We will see later (Remark after Theorem 6.1) that (HS) plus (4.2)
without (H4) is not enough for (4.1) to hold.
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Proof. (4.1) — (4.2) Let f=X(0,,).
(42) — (4.1) Let r= w(») |, then

LE/OO/W(y)d)* (x, y()Pw(x)dxdy

v(y)
(4.3) < C/ / x)dxdy
= C/ v (xx)w(x)dx
0
=CR,
Changing the order of integration in the definition of L, we get
) '(x)
(4.4) L= / / & (x, w(y)) dy w(x)dx.
0o Jo
Let
v'(x)
(4.5) 1= [7 e oy dy.

Fix x>0,let u=®*(x, y(y)),y= t//“(dJ;"l(u)) . Then
I=1I(x)= -/ w? dy = (@5 ().

®*(x,x)

Let ¢t = d>;"(u), oru =®*(x, t), we have

1= 0 (e, Pl +p [ T 00 (x, 1P (x, 1) di
Now take
w0 = fOIT; () + f()P!

=10 | [ o) dy + f(t)]p_l .

Since (H4) implies for x <t¢, y >0,

[ " 6(x, )20.)($)ds < BO*(x, 1) ( / " 60, xi0.p)(s) ds + X(o,y)(t)> ,

we have by a suitable approximation argument that

/ " 6(x, ) () dy < BO(x, 1) ( / T ot S0 dy + f(t)) .
t t

Thus we get

p—1

r2p [T etns dy+f<)] ®(x, 0P p(x, () dt

40 gy [7 [/ qs(x,y)f(y)dy] " ox, D0 de

=+ (131).
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On the other hand

R<C/< ) (e(T; )p‘w+C/ frw.

Combining this with (4.3)-(4.6), we complete the proof by using Young’s in-
equality with € small. O

Definition. For 0 < p < o0,
r r
weB;(¢)+—>/ d)*(x,r)pw(x)dXSC/ w, vr > 0.
0 0

If ¢(x,¥)=1xx,00)(y), we simply write B; instead of B;(¢).
Corollary 4.2. Suppose 0 < p < oo, and if p > 1, ¢ satisfies (H1)-(HS), then
/ (Tof + T, fPw < c/ fow
0 0
i
w € By(¢) N B;(9).

Remark. Suppose (H5) holds and # T, then w € B;(¢) implies nw € B;(¢).
Proof. Let 0 <s<r, w € B;(4), then

/rd)*(x, rfw(x)dx < Cy /rw(x)dx

So, if ®*(s, r)? > Cp, we have by (H))
/CD*(x rfw = /<I>*x rw — /(D*(x r)?
SCO/ w—d>*(s,r)"/ w
0 0

< Co/ w.
S
If ®*(s, r)? < Cp, then
/ O (x, r)w < ®*(s, r)”/ w < CO/ w.
s s )

r r
/d)*(x,r)”wgCO/ w, VOo<s<r
s N

Thus

From this we get

/Cb*xrnw<Co/nw vn1

by a suitable approximation argument.

It is clear that Bj(¢) C B;(¢), ¢ > p, and in the other direction we have




WEIGHTED NORM INEQUALITIES FOR GENERAL OPERATORS 821

Theorem 4.3. Suppose 0 < p < 0o, and (H4), (HS) hold. Then

w € By(¢) — 3¢ > 0, such that w € B, (¢).
Proof. By Theorems 2.1 and 4.1, we have

[ @irrws c[ . v

Take
S(x) = (a=1)®*(x, r)*x0,n(x), a > 1 to be chosen.

Then for x <r,
T31(x) = (= 1) [ &, 1°o(x, »)dy
a—-1_, o 7 O(x,y)
> S0t e [ Ry by (H4)

1 * * 1- *
= 5200, 17 (x, )

y=r

= %[d)*(x , X)Imed* (x, r)* — @*(x, r)).

So
/r ®*(x, x)1=PD*(x, r)*Pw(x)dx
0
< C/rd)*(x, r?w(x)dx + (e« - 1)*C'(p, B)/rd)*(x, r)*w(x)dx
0 0
< C/o w+ (a—1)PC /0 O (x, N*w(x)dx.

Note that ®*(x, x) = 1 and w € B;(¢). Choosing o close to 1, we get
w € Byp(¢). O

Corollary 4.4. Under the hypothesis of Theorem 4.3, we have for some € >0,

r

oo Y <o wrs0.05 1,
o w

Proof. w € B;(¢) — 3¢ >0 such that w € B}, (¢), so

/CD*x rPtew dx<C/w dx.
Let 0>1,

/ w(x)dx = Mw(x)dx

O+ (x, ar)pte

: W_)_/ Y
since ®*(x,r) | in x by (HS). O
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5. CALDERON OPERATOR

In this section we consider Calderén operators
xB
Tf@ =x [ s ds, aB.y>0;
0

1
sl f(s)yds, ar,y 205
xB

Sf(x)=Tf(x)+ T f(x).

These operators occur in the study of operators which are weak type (p;, g;),
i=1,2[2).

It is easy to see that for f |, if f < a/y then Tf |, and if —a; < By,
then T*f |. Denote J = 8y — a, then we have

T f(x)=x"™ /

Theorem 5.1. Suppose 6 <0,a>7y,p>1, then

(5.1) /Ol(Tf)”wsC/Olf”w, vl
if
(5.2) /Orxp5w+r1’5/l(i)pawgC/orﬁw, Vo<r<l.

Proof. (5.1) — (5.2) Let f=yx0.m-
(5.2) - (5.1) Let r=w(y)# |, where v :(0, co) = (0, 1) is onto. Then

oo pl By\P
LE/ / (W(yz y) w(x)dxdy
0 Jyp \ X
oo rw(y)f
< C/ / w(x)dxdy
o Jo

1

<C / ! (e yw(x) dx
0
= CR.

Changing the order of integration, we get

1 0o
L =/ / ,/,(y)ﬁrp dyiﬂﬂdx,
0 Jy-i(x) xop
Denote

1= [ oy

y=1(x)
and let u = y(y), then we have

I=—/ uP? dy—1(u)
0

X
= —ubrPy =ty + ﬂyp/O v~ wufP= du.
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Let I; be the last integral. Take
p—1

ub
v (w) = f(u) [u‘”’/ sy"f(S)dSl ,
0

([ ]

xP
=ﬂipl/0 sy“f(s)dsl .

xP 4
L> 7/01 [/0 s f(s) dsl u;(a);) dx—/lx””!//“(x)w(x)dx

0

then
uﬂ

p—1
sTTH(s) ds] uPr= f(uP) du

So

1 xF p
-1 w(x) _
> y/o [/0 s? f(s)dsl dx — CR by (5.2)

xP

RE/O1 (x) [x‘y/oxs"‘lf(s)ds]p_lw(x)dx.

(1) If p<1,then x <xF. Since a >y, we have
p—1

8
R< /lf(x) [x“’/ sTTH(s) ds] x@NC="Dy(x)dx
0 0

1
< TP w.
<[ raptu
(2) If >1,then x>x#. Since Tf | if f |,

xB

X
x"/ sy"f(s)dsgx"ﬂy/ s771f(s)ds
0 0
so that

R< / | L) (TP~ (x)x@PNE=Day(x) dx
0

1
-1
s/o £ (T w,

since a— fy>0. O

Theorem 5.2. Suppose f =2=% , 6=Py—a (=B8y1—a;)<0,and $>1.
Then for 1 < p < o,

1 1
5.3 P P
(53) /0<Sf>wsc/0fw, vl
ifvo<r<1,

(5 4) /r pﬁw N 06 /" (r )Pc‘u w + 6 /‘1 (r)pa < C/rﬂ
. X r - r - w w.
0 0 ‘X r X - 0

y—"




824 SHANZHONG LAI

PrOOf. (5.3) - (5.4) Let f= X(O,rﬂ) .

(5.4) — (5.3) In view of Theorem 5.1 we only need to show the norm in-
equality holds for T*f. Let r = y(y) |, where ¥ : (0, o0) — (0, 1) is onto.
Then we have

L= / I (x)—= w(x dx—/ / w(y)ﬂ”'”dywdx

xoip xop
SC/ / w(x)dxdy
= C/ xF Yw(x)d
= CR.

(1) Let u=w(y) in I, then
1
I = —/ ubrr dy = (u)
X

—xﬂ"“’w_'(x)+ﬂylp/ v (w)ubrP- du,

Let
1 p-l
_|(u) — f(uﬂ) [u—ﬂ)’n/ syl—lf(s) ds] )
ub
Since 1
T [ 1 ds = -puni ),
we get
1 1 p-1
I =x”y"’w"(X)+ﬂy:p/ [/B sy"‘f(S)dSl fWhywfn=!du
1 p
=xPrPy—l(x)+y /‘B sTLH(s) ds] )
So

1
Lz /0 (T Y w

(2) Now we estimate R.
p—1
R= /01 f(x) [x"" /xl s"“f(s)ds] w(x)dx

1
* AP—1
sAfUﬂ w

since 1 f<a;,f>1. O

If yy =0, a; >0, we have
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Theorem 5.3. If | <p<oo,1 < B = s, then (5.3) holds iff (5.2) holds.

Proof. 1In this case

T* f(x) = x~o / ' f(s) ds.

xB
So
T*f(x) < x™ f(x#)Blogx".

Now 6 = By — a = —ay, and hence
/01 (T* )P (x)w(x)dx < ,B”/Olx‘“"’(logx")”f(xﬂ)”w(x) dx
< C/Ol(logx"')"f(x)"w(x)dx by Theorem 5.1
< C/le“"pf(x)pw(x)dx
< C/O1 fPw by Theorem 5.1

which completes the proof. O

If a; =9, =0, we have

Theorem 5.4. If 1 <p <oo, B =% 2>1, then (5.3) holds iff (5.2) holds and

r rﬁ
(5.5) /1og1w(x)gc/ w, vO<r<l.
0 X 0

Proof. Let r = y(y)'/8 in (5.5), where y : (0, oo) — (0, 1) is onto, and y | .
Hence

oo ry(y)/t 1/8 1
/ / log @—w(x) dxdy < C/ v (x)w(x)dx.
o Jo 0

By changing the order of integration, letting ¢ = w(y), and integrating by parts,
we get (note that o; =y, =0)

1t dt |
LHS=F/0 /xﬂt// 1(t)—l—w(x)dx:E/0 Ty~ (x)w(x)dx.

Take y~1(t) = f(t), we get the result for p=1. For p> 1, for f |, let

u

F(x) = pBf(x) [ /




826 SHANZHONG LAI

/OI(T*f)”w=/lT*Fw
<C/ Fw from the case p =1
—C/ flx l/ )] —lw(x)dx

gc/ f(T*fY 'w since B> 1.
0

We complete the proof by using Holder’s inequality. O

then

Remark. We also mention here that for § >1,0<p <1, (5.5) holds iff

r fﬂ
(5.6) /(1og1)”w(x)dxgcf w, Wo<r<l.
0 X 0

In fact suppose (5.6) holds, then in Theorem 2.2 we take

b(x, y) = ;xxﬁ ).

1 1
* \P
/O(Tf) wsc/0 frw
1 1
F(x)=})( / @) 1),

then T*f(x) = (T*F(x))”, so

/T*fw / (T*F )w<C/ FPw
C

(T*f)""f”w, since B > 1.

we get

Let f |, and take

pﬂ
This implies (5.5) by Hoélder’s inequality. O
For 0 < p <1, we may use Theorems 2.1 and 2.2.

6. SPECIAL WEIGHTS

For operators of the form

- /0 " o) f(1x) dt

Minkowski’s integral inequality easily gives us a necessary condition for a norm
inequality. For special multiplicative weights the necessary condition is also
sufficient. The condition will also give us examples showing that (H1), (H4) are
necessary for norm inequalities in Theorems 3.1 and 4.1.
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Theorem 6.1. Suppose 1 <p<oo, ¢:R, - R, w:R; — R, such that w 1
and w(xy) ~w(x)w(y). Then

(6.1) ITfllp,w < Cllfllpw,  f1
iff
(6.2) ‘fl(/p) (1/0)' di < co.
0
Proof. Note that w(1) ~ w(x)w(1/x) or w(1/x)~ 1/w(x)
(6.2) — (6.1).

IWﬂuwsAwan{LmﬂmeuM{me

- /0 8 { /0 ” f(u)pw(u/t)%‘i}l/p dt

40
<c [ St

(6.1) = (6.2). For N a positive integer let
N'/Pw(N)P, forO0<t<1/N,

In(t) = ﬂ:—,%lﬁ, forI/N<t<N,
0, fort>N.
We then have
NI X g(n)
Thix)= [ ¢ fwitx)de / O 1x) d
0 1/Nx (£X)
(

(tx)1/p

1 1/ N g(1) 1/
l/p'l.U(l/X) p/]/Nx mﬂ)(l/t) pdt

C /N/x ¢(t)'lU(1/l)l/p di

>
~ [xw ()P Jyny 2P

NI/Z
¢ / ¢(’)w(1/t)1/l’dz if 1/NV2 < x < N1/,

= W /N2 ti/p
Hence " ¢(t) ,

<//N'/2 t/p (l/t)l/pdt> l/xS C(TfN)p (X)'UJ(X)
and

t

The expression in {---} < C(1 + 2logN), since w(N) < w(l/¢t) for 0 <t <
1/N and w(t)w(l/t) < C.
Thus for every N,

12 4 12
(/N ¢(t) w(1/t) l/pdt) /N d_ <C(1+2logN)
1

/N2 tl/p /N2 X

/oo(TfN)"w < c/oo fow = c{ Y Nw(Vyw() de + /N wdt}.
0 0 0 I/N

and the second integral =logN. Let N - o00. O
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Remark. (i) From the proof of Theorem 6.1, the condition w 1 can be replaced
by xw(x) 1, and } fO’ w < Cw(r), Vr > 0 and the last condition follows from
the multiplicative condition for w .

(ii) Let for 1 < p < o0,

1
= X0, 1)(1).

M) = rroge

Then ¢ € L' and fo ¢1) gt = 0. For this ¢ the operator

ti/p

=/Ooo¢(t)f(tx)dt, I,

is not strong- (p, p) by Theorem 6.1 with w = 1. In fact we can check that ¢
does not satisfy the condition (H1). In this case, ¢(x, ) = ;‘;q&(t/x) and (H1)
becomes

D(s157) < BO(s5))P(s2), VO<s,s:<1

where ®(s) = fo ¢. Let 5y =5, =5, then

o) b mmeEdt 1 g

- Iim —— dt = 00.
D(5)D(s) (i 2520 f3 wriogs

t/r log H dt

Moreover we check that (3.2) holds for w =1, 1 <p <oco. In fact

0o 0o 1/x 1 4
/r ¢(X,r)pdx=r/] (/(; Wdt) dx
00 1 1/x . p

pp
1
This shows that the condltlon (H1) is needed in general for the norm inequal-
ity (3.1) to hold. Similarly if we take

G p—

t!/r" loget
then we know that the condition (H4) is needed in general for Theorem 4.1 to
hold.

X(l ,oo)(t) )

7. APPLICATIONS AND SHARP CONSTANTS

(1) Laplace transform

Lf(x) = /0 et f(1) dt.

We can take ¢(x, t) = e~ in Theorems 2.1 and 2.2 to get results for Lf(x).
Also we can use the estimate

)b <z ()%
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and let @(x, y) = (X/¥*)X1x,00)(¥) » then we get different versions of the results

for the operator xL f(x) by using Theorems 2.3 and 2.4 (see also [4]).
(2) We consider the Riemann-Liouville fractional integral operator:

Ruf(x) = 3z [ (x= 0 oy

—_-/l(l—t)"‘"f(tx)dt, fl,0<a<l.

We get
Proposition 7.1. Suppose 1 <p < oo, 0<a <1, then
o] r\o p r
. —(1-= <
(7.1) /r [1 (l x)]'w_C,/ow, vr>0
implies - -
| Retrwsc [ s, vrd
0 0

with Cy < ((1+ Cy)/aP)? . The converse holds with C, < CyaP — 1. Moreover

(7.1) is equivalent with w € B, .
Proof. Take
1 -
$(x, 1) = —(x =) "X0.x0)()

in Theorem 3.1, then
1 x<r,
Px,rN=<¢ ¢
0%, 7) {1[1_(1_§)a], x>r.

a

Clearly ®(x, r) | in x, Vx >r. To check ¢ satisfies (H1),let 0<r << x,
L (0<a<b<1l),then

x

q)(x’ I)¢(t’ r) _ 1_(1 _b)a
o(x,r) - abe
where A(b) = l_—(_lb—_bl’. It is easy to see that A(0*) =a, A(17) =1 and A(-) 1
by showing that 4’ > 0. So infy.p<; 4(b) = . Hence
d(x,r) < BO®(x, t)p(t, r), O<r<t<x,
with B = 1. This implies that (H1) holds with B = 1. Theorem 3.1 completes
the proof of the first part of the proposition. The equivalence of (7.1) and

a==%,b
1—-a a

(11225 Luo

w € B, isclear since a < A(b)<1. O

We also note that this ¢ satisfies the other conditions in §3.

(3) If we take
L a€e(0,1],

$a(x,y) = WX(O,X)(.V) )

a€lo, 1],

in Theorem 3.1, or
1

da(x,y) = ;,,y,—_a)([x,oo)(J’) s
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in Theorem 4.1 we get the results for operators

/f y'—a’ AZf(x)=3:—a/:of(y)y‘ffa.
/Ologiw(x)gcjorw.

Using the notation of [7], we have
Theorem 7.2. If (u, v) € 4;_,
By/py = Bpjpo(¢a), =1, then

[Cwnpwsc | “ Uy

(4) Define w € B,

0<p<oo,l <pg<oo,w€ By, NBE,, where

where
(u,v) € Ay < inf{p: (u, v) € 4p} = po.

This follows from Theorem 2.2, Remark after Theorem 5.4 with # =1 and
methods developed in [6].

(5) We now compute some special sharp constants. We first do this for the
operator A,f .

Theorem 7.3. Suppose 0 <p <oo,a>0,ap—s>1,s> -1 thenfor w = x°,
we have

Cl/ooof"wS/OOO(Aaf)”wSCz/wa”w, vf

where i-p p‘> |
c ap—s—12 =
1= p
{ (—B—GP_S_I) , O0<p<l,
and

Cz={ (52=) > »p21,

I-p J—SLI s O<p<l.
Moreover these constants are sharp.
We will prove this theorem in several lemmas.

Lemma74. For 0<p<oo,0<a<oo,pa-s>1,s>-1, then for w=x°,

(1.2) /0 " (Aaf)w < Co /0 T frw, vy

where »
C0={ (E—’;—‘T) ’ p21,

a™? O<p<l.

_ap
ap—s—12

Moreover, the constant is sharp.
Proof. Let ¢(x, y) = x"°y*"'x0,x(»), then

L x<r,
CD(x,r):{

a’
e, x>,
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and B=«a. So

1 ' 1 0O(ﬁ)al)w<C/rw vr>0

[e%4 0 o X =1 0 ’
implies (7.2) with Cy < BP»=DC?, by Theorem 3.1 if p > 1, and Cp = C, if
0 < p <1 by Theorem 2.2. Now take w = x°, then it is easy to compute that
C = J’é_xa_p So, we get the result for 0 < p < 1, and that Cy < (—%)” ,
if p > 1. We now show that the constant is the best for p > 1. For further

use we let 0 < p < oo, and take

1
fa(x) =x"x0,1), fora- ——:-f <a<a.
Then |
~xa-o, x<1,
2300 x>1.
So
(oS 1 0o
/ (Ao fa)w =/ a P xpa—a)xs dx+a“’/ X~PxSdx
0 0 1
a’’ a’
= + s
l+s—(a—a)p ap-s5-1
oo » 1
/0 fw = l+s—(a—a)p’
Thus
Jo (Aafa)’ . < p d
I fw ap—s-—1
by letting a — ﬂﬂ?j—‘—‘ , we get Cp > (5-_”3—_7)" , which completes the proof. O

Lemma 7.5. For 1<p<oo,a>0,ap—-s>1,5s>—-1,w=Xx*,
oo e oo
| et [T o pw, Vi1
0 p 0
Moreover, the constant is sharp.
Proof. By Theorem 2.1 with w =v = x*, ¢(x, y) =x"y*x0,(»), P =4,

we can compute the constant C? = gfiLal’ I, It is clear that the constant is

sharp. O

In particular, if we take o =1, s =0, we have

Corollary 7.6. we have for 1 < p < co,

e (L ) aes (Y [

To prove next lemma, we recall the Holder’s inequality. For 0 <p <1,

oo (1) (fe)™"
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Lemma 7.7. Suppose 0<p<1,a>0,andvr>0,
/w (i)apw > Corw(r)
r X - ’

(0Coy /0 " frw < /0 " Aaf P w

Note. If for some s <ap —1, xSw T, then w satisfies the hypothesis.
Proof. We have

p—1
D f) w(x)
/0 (Aaf)w = p/ / </0 - ") y““dyx“p dx
yf(t))” 'f»)
_ wi) 4 / d
P/(; /y xep X( 0 tl-a yl-a y
> wly) (O )
cho/(; yap—l </0 tl—a yl-a dy
- Go /0 fdafy
The proof is completed by applying Holder’s inequality. O

then

Lemma 7.8. Suppose 0<p<1l,ap—-s>1,s> -1, and w(x)=x° , then

(52=) [ rus [ turo

Proof. Take w(x) = x° in Lemma 7.7, then Cy =
Lemma 7.4 also shows that this constant is sharp. 0O

ﬁ. The proof of

Note that the above two lemmas hold for all f not only for f |. Now
combining Lemmas 7.4,7.5, and 7.8 we complete the proof for Theorem 7.3.
Next we compute some best constants for the operator A% f .

Theorem 7.9. Suppose 0 < p < oco,a >0,ap —s < 1, then for w = x*, we
have

¢ /Ooof”w s/om(A:,was Cz/OOOf"tU, vrl

where
( ZB(p, ¥ -p), p>1,a>0,
C, =4 Tompl (), p>21,a=0,
\(+S—ap) 4 O<p§1,
(1+S ap) ’ pzla
C2=4 £B(p, % _p), 0<p<l,a>0,
k(_l.%r(p)> O<p§l’a=0’

and B(-, -) is the beta function. Moreover these constants are sharp.

We will also prove this theorem in several lemmas.
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Lemma 7.10. For 0<p<1l,ap—-s<1,w=x%,
(i) if a> 0,

/0°°<A;f>"w5co/°°fpw, vr

0
where co=a PpB(p, £ — p).

(i) if a =0

/Om(/)cw@dt)pwdx< sy /fw Vfl.

(iii) In particular for a =1, s =0, since B(p, 1l —-p)=T'(p)I'(1-p) = sin"np ,
we have for 0 <p <1,

/ < / f(tdt) dx<5mp/ fxPdx, VfL.

Moreover all constants are sharp.

Proof. In Theorem 2.2, let ¢(x, ¥) = x~*y* "y o)(¥), then for r > x,
( ’ )

), a>0,
a=0.

'_'QI'—
><|~e ><I‘¢

d>(x,r)={ é

Hence for a > 0,

1 s+1 [T//r\e p
p__ - — S
¢ T ap rstl /0 ((x) 1) x*dx
s+1 -
_al+p/(1 pya lpdy
=S+IB(1:S—p,p+l)

altp

_ 1+s
=aPpB (p, T'”)

For a =0,
1+s < _
Cr =13 / (l og — ) ‘dx=(1+s)/0 tPe= (Dt dt = (1 +5)"PpI(p).

Hence we complete the proof. O

Lemma 7.11. Suppose o >0,p > 1 and ¥r >0,

r

/Or (—)apw(x)dx < Gorw(r),

X
then

[T zrre < ooy [ r

Note. If for some s >ap—1, xSw 1, then w satisfies the hypothesis.
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Proof. We have

/(Af)”w p/ / (y tj;(tadt) _l%dyu;(—;)dx

p/ (y 1) dt)”'f(y) w) 4y

tl—a yl a xop

< Cop /0 (/y {,(_tz dt) SO Pw(y)dy

=Cw [y fu.
We complete the proof by applying Holder’s inequality. O

Lemma 7.12. Suppose « >0,p>1,ap—s< 1, w(x)=x° then

(1.3 [[wrrus (m2o) [ rw

Moreover, the constant is sharp.

Proof. In Lemma 7.11, let w(x) = x°, then we can take Cp = 150, 50 (7.3)
holds. We now show the constant is the best. For 0 < p < oo, let
1 _

f; = x—(a+a)X(0,l) , O <a< M‘
Then

A*f(x)—i/lt‘““dt— L (l—l)

BT xa [ T axe ' xe ’

So

0o 1 1 p
[ rw=a [ (Lo1)
0 0 x4
0o 1
/ f;f’w — / x—(a+a)p+s dx
0 0

1
T 14s—-(a+a)p’
Let B=1+s5s—(a+a)p >0, we have
Jo (431 w
Jo fAw

1
=(1+s—(a+a)p)a“’/ (1 — x9yPxs—letar dx
0
1
=a"’ﬂ/ (1-x%PxP-ldx
0
I
=a"’pa/ xB(1 — x%)P~1x%1dx
0

1
—a, "p/ (1 — x%)p~Ix®-ldx = a5?,
0

by the dominated convergence theorem, and letting a — ap = M ,or f—
0. O
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Lemma 7.13. Suppose 0<p<1,a>0, and Vr >0,

[(5)" w2 G,

o0 (o ]
wCor [ s [P
0 0
Note. If for some s >ap —1, xSw |, then w satisfies the hypothesis.
Proof. We have

/0°°<A:,f>”w=p/°°/°°(/°°{;(_’)plffyf,d s
'”/ / o7 dx( - ) ﬁﬁdy

~ O\ )
ZPCO 0 yap— 1( t1—a ) yi= ady

then

~ pGo /0 FAL w.
The proof is completed by applying Holder’s inequality. O
Lemma 7.14. Suppose 0 <p<1l,ap—-s<1,a >0, then for w = x°, we have

Moreover the constant is sharp.

Proof. Take w = x°, in Lemma 7.13, then Cy =
7.12 shows that this constant is sharp. O

m—a—p The proof of Lemma

Note that the above four lemmas hold for any f not only for f |.

Lemma 7.15. Suppose p>1,ap—-s<1,a >0, then for w = x*,
oo o0
G [ frus [ U, v
0 0

where
C .L;LPB(p9]:S P), PZl,a>0,
0=
(l+3)pr(p)9 D Z 1, a=0.

Moreover the constant is sharp.

Proof. Take w = v = x*, p = q in the Theorem 2.1, then the same computa-
tion as in the proof of Lemma 7.10 gives the constant Cy. Clearly the constant
is the best. O

Finally combining Lemmas 7.10, 7.12, 7.14, and 7.15 we get Theorem 7.9.
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